The set of osculating circles of a given curve in S 3 forms a curve in the set of oriented circles in S 3 . We show that its " 1 2
Introduction
The Frenet-Serret formula provides a local expression of a space curve in terms of the arc-length, the curvature, and the torsion. It is well-known that a space curve is determined by the curvature and the torsion up to motion of R 3 , i.e. isometric transformation of R 3 . Let us consider local theory of space curves in conformal geometry. We remark that the arc-length is not preserved by Möbius transformations. Three conformal invariants have been found in search of the normal form. They are conformal arc-length, conformal curvature, and conformal torsion (the reader is referred to [CSW] for example). Just like in the Euclidean case we have: Theorem 1.1 ( [Fi] , Theorem 7.2) An oriented connected vertex-free curve is determined up to conformal motion by the three conformal invariants, the conformal arc-length, the conformal torsion, and the conformal curvature.
In this article, we study the conformal arc-length. Definition 1.2 Let C be an oriented curve in R 3 . Let s, κ, τ be the arc-length, curvature, and torsion of C respectively. The conformal arc-length ρ of C is given by dρ = 4 κ ′ 2 + κ 2 τ 2 ds.
It gives a conformally invariant parametrization of a vertex-free curve.
It was discovered by [Li] and the above formula was given in [Ta] .
In this paper, we give a new interpretation of the conformal arc-length in terms of the set of the osculating circles.
Let S(1, 3) denote the set of the oriented circles in R 3 (or S 3 ), where we consider lines in R 3 as circles. It has a pseudo-Riemannian structure with index 2 which is compatible with the Möbius transformations. Let C be a curve in R 3 . The set of the osculating circles to C forms a curve γ in S(1, 3). Our main theorem (Theorem 6.1) claims that the "L is equal to a constant times the conformal arc-length of the original curve C although its length
does not carry any information as it vanishes for any curve.
This article is arranged as follows. In section 2 we give basics about Minkowski spaces (a good reference about pseudo-Riemannian metrics is [O'N] ). In sections 3 and 4 we study codimension 1 cases, namely, a curve in R 2 (or S 2 ) and a curve of the osculating circles which is a lightlike curve in de Sitter space. The section 5 is a preparation to the section 6, where we prove our main theorem. These two sections can be read independent of the previous two sections. In the last section we relate null curves in the space of circles and lightlike curves in the space of spheres and the infinitesimal cross ratio defined in [La-OH] and studied in [O'H2] .
In this article we will use the following notations: The letter s is used for the arc-length of a curve in R 3 or other models in the light cone in the Minkowski space, and the derivative with respect to s is denoted by putting ′ . The letter t is for a general parameter, and the derivative with respect to t is denoted by putting . . The letters is for the arc-length of the set of osculating spheres, which is a curve in de Sitter space in the Minkowski space (Section 7).
The authors thank Gil Solanes and Martin Guest for valuable discussions.
Preliminaries
Let n be 1, 2, or 3. The Minkowski space R n+2 1
is R n+2 with indefinite inner product:
x, y = −x 0 y 0 + x 1 y 1 + · · · + x n+1 y n+1 . . There are three cases which are mutually exclusive. Let , | W denote the restriction of , to W .
Define the
(1) The case when , | W is non-degenerate. This case can be divided into two cases:
(1-a) The case when , | W is indefinite. It happens if and only if W intersects the light cone transversely. In this case W is said to be timelike.
(1-b) The case when , | W is positive definite. It happens if and only if W intersects the light cone only at the origin. In this case W is said to be spacelike.
(2) The case when , | W is degenerate. It happens if and only if W is tangent to the light cone. In this case W is said to be isotropic.
The sphere S n , the Euclidean space E n , and the hyperbolic space H n can be realized in R n+2 1 as affine sections of the light cone, i.e. the intersection of an affine (n + 1)-space H and the light cone. Their metrics are induced from the Lorentz form on R n+2 1 .
(1) When the affine space H is tangent to the hyperboloid F + = {x | L(x) = −1, x 0 > 0}, the intersection Light ∩ H is a sphere S n with constant curvature 1.
When the tangent point is (1, 0, · · · , 0), i.e. when H = {x 0 = 1} we will denote it by S n (1). The n-sphere S 3 can be identified with the set of lines through the origin in the light cone.
(2) When the affine space H is parallel to an isotropic subspace and does not contain the origin, the intersection Light ∩ H is an Euclidean space E n . For example, take two lightlike vectors n 1 and n 2 given by
Then the intersection can be explicitly expressed as
where · denotes the standard inner product. There is an isometry obtained by the projection in the direction of n 1 from E n 0 to {(1, −1, x) | x ∈ R n } ∼ = R n . The lightlike lines in the light cone gives the bijection between S n (1) \ {n 1 } and E n 0 . It is exactly same as the stereographic projection from the north pole N from S n \ {N } to R n which is tangent to S n at the south pole through the identifications S n ∼ = S n (1) and
3 How to express codimension 1 spheres 3.1 de Sitter space as the space of codimension 1 spheres Let S(n−1, n) be the set of oriented (n−1)-spheres Σ in R n (or S n ). Then there is a bijection between S(n − 1, n) and the de Sitter space Λ n+1 . Let Σ be an oriented (n − 1)-sphere in R n (or S n ). In the Minkowski space R n+2 1 , Σ can be realized as the intersecton of the light cone and an oriented (n + 1)-dimensional subspace Π through the origin (Figure 3 ). Let σ ∈ Λ n+1 be the endpoint of the positive unit normal vector to Π. Then the map ϕ :
is the bijection we want. Moreover, this bijection is compatible with the action of the Lorentz group O(4, 1), i.e. ϕ(A · Σ) = Aϕ(Σ) for A ∈ O(4, 1).
Figure 2: The geodesic radius of curvature 3.2 A point in Λ corresponding to a codimension 1 sphere Let Σ be a codimension 1 sphere in S n or in E n and m a point in Σ. We will express a point in Λ n+1 which corresponds to Σ in terms of the point m, the geodesic curvature k g of Σ, and the unit normal vector n to Σ at m, where n ∈ H as the tangent spaces T m S n or T m E n are considered as affine subspaces of H (see Figure 2) . Proposition 3.1 The point σ ∈ Λ corresponding to the sphere Σ is
Remark: If the orientation of Σ is reversed then the corresponding point σ in Λ should be replaced by −σ. Therefore, we need a sign convention for the geodesic curvature k g , which we shall fix as follows.
Choose the unit normal vector n so that if a basis of T m Σ consisting of ordered vectors v 1 , · · · , v n−1 gives the positive orientation of T m Σ then a basis of T m S n consisting of ordered vectors v 1 , · · · , v n−1 , n gives the positive orietation of T m S n . Let W be an affine n-space in H so that Σ = W ∩ S n , n a (m) a unit "inward" normal vector to Σ in W , and p the orthogonal projection to 
) is a positive (or respectively, negative) multiple of n. When the ambient space is Euclidean one can drop the letter "g" of k g .
Proof.
The line orthogonal to the hyperplane Π = span Σ of R n+2 1
(the vector subspace containing Σ) is the intersection of the tangent hyperplanes to the light cone at the points of Σ (Figure 2 ). This line intersects the affine hyperplane H which contains Σ at the vertex v of a cone tangent to H ∩ Light along Σ (see the lower part of Figure 2) .
Notice that the geodesic radius of curvature of a sphere Σ ∈ S n or the radius of curvature of a sphere Σ ⊂ E n can be seen in a similar way (see Figure 2 ) as the lengths of a segment from the vertex of the cone v to a point m in Σ where the segment is tangent to S n or E n . In order to see that the length of the vector joining m to v of the cone is equal to the geodesic curvature when Σ is of dimension 1, it is enough to "roll" (which is an isometry) this cone on an Euclidean plane. The curve obtained from Σ is a circle whose curvature is equal to the geodesic curvature of Σ. The radius of the circle is equal to the inverse of the geodesic curvature, which deserves to be called geodesic radius of Σ. Now σ can be given by σ = c(m+ Notice that the construction would work as well starting from any intersection of the light-cone by any affine space avoiding the origin. The intersection maybe a space of any constant curvature. When the intersection H c = H ∩Light is hyperbolic the intersection of H c with hyperplanes of mixed type gives, on both sheets of H c , hypersurfaces of constant curvature.
Lightlike curves in de Sitter spaces
In this section we will consider two examples of lightlike curves in Λ: a curve consisting of the osculating circles to a curve in R 2 or S 2 , and that of the osculating spheres to a surface in R 3 or S 3 along a corresponding line of principal curvature of the surface. 
Proof.
The osculating circle to the curve C at a point m is of geodesic curvature k g , so the point γ(s) which corresponds to it is given by γ(s) = k g (s)m(s) + n(s) by Proposition 3.1.
Let us denote the differential by s by putting ′ . Then we have γ
By definition of the tangent vector T to C, m ′ = T ; as the circle is the osculating circle, its geodesic curvature is k g , therefore n ′ = −k g T . So we get γ ′ = k g ′ m, which proves that γ is lightlike. 
Lightlike curves in S(1, 2)
Let us see if the converse is true. Suppose γ is a lightlike curve in the space S(1, 2) of oriented circles in S 2 . We identify S(1, 2) with 3-dimensional de Sitter space Λ 3 in R 4 1 as before. Since γ ′ (t) is lightlike, it defines a point in S 2 by S 2 ∩ span γ ′ (t) , which shall be denoted by f (t). Put C = {f (t)}.
Proposition 4.2 As above, γ is the curve of the osculating circles to C.
Proof.
Let us denote the differential by t by putting . above. We may assume, after reparametrization if necessary, that the x 0 -coordinate of . γ(t) is always equal to 1. Then the point f (t) in S 2 (1) is given by f (t) =
. γ(t). As γ(t), γ(t) = 1 and . γ(t), . γ(t) = 0 we have
Since the osculating circle to C at f (t) is given by S 2 ∩ span
Let us now prove that the L 
Proof. The tangent vector
. γ to γ is lightlike, therefore of zero norm. Derivating L(
. γ) we see that the second derivative .. γ is orthogonal to . γ. The first non-zero term of a Taylor expansion of L(γ(t + h) − γ(t)) is of the forth order, and to compute it we need the first three derivatives of γ.
We have
and hence
The norm γ(t + h) − γ(t) is therefore of the order of h 2 if the term
is not zero. We will see below a few particular cases of curves where this term is non-zero. In all cases we have:
Let s be the arc-length of a curve C.
Theorem 4.4 The conformal length of a curve
consists of the osculating circles to C. It is given by
|ds (we can drop the letter "g" when C is a plane curve).
Proof. Let us denote the differential by s by putting ′ as before. Proposition 3.1 and the proof of Proposition 4.1 imply that γ = k g m + n and γ ′ = k g ′ m. Therefore the second derivative γ ′′ is given by k g ′′ m + k g ′ T , where T = m ′ is the unit tangent vector to C. As the unit vector T is orthogonal to the lightlike vector m and spacelike since all the tangent vectors to the light cone which are not tangent to a generatrix are spacelike, we see that
Therefore, when k g ′ = 0, the vector γ(t + h) − γ(t) is timelike for enough small
Lightlike curves in S(2, 3)
Suppose σ is a lightlike curve in the space S(2, 3) of oriented spheres in S 3 . We identify S(2, 3) with 3-dimensional de Sitter space Λ in R 5 1 as before. Since σ ′ (t) is lightlike, it defines a point in S 3 by S 3 ∩ span σ ′ (t) , which shall be denoted by f (t). Put C = {f (t)}.
Proposition 4.5 As above, a sphere Σ(t) which corresponds to σ(t) is not necessarily an osculating sphere of C, but it contains the osculating circle to C at f (t).
Proof. The proof is parallel to that of Proposition 4.2. As σ(t), σ(t) = 1 and
Therefore span σ(t) is contained by span
In general, Proposition 7.8 implies the following:
Corollary 4.6 LetC = {m(t)} be a curve in S 3 . Let Σ 0 be a sphere containing the osculating circle toC atm(t 0 ). Then there is the unique lightlike curveσ in S(2, 3) that satisfies the following conditions:
(2) The sphere corresponding toσ(t) contains the osculating circle to the curvē C atm(t).
This is because a sphere has second order contact with a curve if and only if it contains an osculating circle of the curve.
Let us now consider a surface M in S 3 , H 3 , or R 3 . The geodesic curvature of a sphere Σ contained in S 3 or H 3 means the geodesic curvature of any geodesic curve on it. In the Poincaré ball model, the intersection of a 2-sphere with the ball is called a sphere. It may be a usual geodesic sphere or a plane of constant curvature between 0 and −1.
At a point m ∈ M , a sphere tangent to M at m whose geodesic curvature is equal to one of the principal curvatures k 1 , k 2 of M at m, has higher contact with M . Let us call Σ 1 and Σ 2 the two osculating spheres to M at m. They are distinct if the point m is not an umbilical point of M .
Theorem 4.7 The curve γ 1 ⊂ Λ 4 corresponding to the osculating spheres Σ 1 along a line of principal curvature C 1 for the principal curvature k 1 is lightlike. Its
where X 1 is the unit tangent vector to C 1 which is parametrized by its arc-length s.
Proof.
The proof is the same as above (Theorem 4.1) using the formula γ(s) = k g m(s) + n(s). The hypothesis that C 1 is a line of principal curvature associated to the principal curvature k 1 implies that n
Remark: A similar statement is also valid if M is an hypersurface of some space-form. The integral C1 |X 1 (k 1 )|ds has already appeared in [Ro-Sa].
5 Space S(1, 3) of the oriented circles in S
3
The pseudo-Riemannian structure of the space of the oriented circles in R 3 (or S 3 ) also arises naturally in the study of conformal geometry. Each tangent space of S(1, 3) has an indefinite non-degenerate quadratic form which is compatible with Möbius transformations. The reader is referred to for the details.
The set of circles as a Grassmann manifold
An oriented circle in R 3 (or S 3 ) can be realized in the Minkowski space R 5 1
as the intersection of the light cone and an oriented timelike 3-dimensional vector subspace. Therefore the set S(1, 3) can be identified with the Grassmann manifold Gr − (3; R 5 1 ) of oriented 3-dimensional timelike subspaces of R 5 1 . It follows that the set S(1, 3) is a homogeneous space SO(4, 1)/SO(2) × SO(2, 1). We give its pseudo-Riemannian structure explicitly in what follows.
Plücker coordinates for the set of circles
Let us recall the Plücker coordinates of Grassmannian manifolds.
Let W be an oriented 3-dimensional vector subspace in R 5 1 , and let {x 1 , x 2 , x 3 } be an ordered basis of W which gives the orientation of W . Define p i1i2i3 (0 ≤ i k ≤ 4) by
They satisfy the Plücker relations:
where j k indicates that the index j k is being removed.
As we are concerned with the orientation of the subspaces, we use the Euclidean spaces for the Plücker coordinates in this article instead of the projective spaces which are used in most cases. The exterior product of x 1 , x 2 , and x 3 in R 5 1 is given by
5.3 Pseudo-Riemannian structure of
The indefinite inner product of the Minkowski space R 
for any x i and y j in R 5 1 . The above formula is a natural generalization of the one for the exterior products of four vectors which we obtained in [La-OH] , where we studied the set of oriented spheres in S 3 .
It follows that 3 R 5 1 can be identified with R 10 with the pseudo-Riemannian structure with index 4, which we denote by R 10 4 , so that {e i1 ∧ e i2 ∧ e i3 } i1<i2<i3 is a pseudo-orthonormal basis of
Let us realize S(1, 3) as a pseudo-Riemannian submanifold of
Lemma 5.1 Let W be an oriented 3-dimensional vector subspace in R 5 1 spanned by x 1 , x 2 , x 3 . Then W is timelike if and only if
and isotropic (i.e. tangent to the light cone) if and only if
Proof. Case (1). Suppose W is not isotropic. We may assume without loss of generality that {x 1 , x 2 , x 3 } is a pseudo-orthonormal basis of W . If W is timelike, one of x 1 , x 2 and x 3 is timelike, and therefore
Case (2). Suppose W is isotropic. Then W is tangent to the light cone at a lightlike line l. Now we may assume without loss of generality that {x 1 , x 2 , x 3 } is a pseudo-orthogonal basis of W and that x 1 belongs to l. Then we have
2 This Lemma and Lemma 5.6 in the next subsubsection imply Proposition 5.2 Let Θ(1, 3) be the intersection of the quadric satisfying the Plücker relations and the unit pseudo-sphere:
It is a 6-dimensional pseudo-Riemannian submanifold of R 10 4 with pseudoRiemannian structure of index 2.
Then the set S(1, 3) of oriented circles in S 3 can be identified with with the submanifold Θ(1, 3) in R 10 4 through a bijection ψ given by
Conformal invariance of the pseudo-Riemannian structure
We show that the pseudo-Riemannian structure of S(1, 3) is conformally invariant, namely, a Möbius transformation of S 3 induces a pseudo-orthogonal
where I = (i 1 i 2 i 3 ) and J = (j 1 j 2 j 3 ) are multi-indices, andã IJ is given bỹ
We can say more, although we do not give proof: The matrix Ψ (A) can be characterized by (10). The reverse statement of (2) also holds. The restriction of Ψ to Gl(5, R) is a homomorphism whose kernel consists of {±I}.
(2) If A ∈ O(4, 1) then (6) and (10) imply Ψ (A)(e i1 ∧ e i2 ∧ e i3 ), Ψ (A)(e j1 ∧ e j2 ∧ e j3 ) = e i1 ∧ e i2 ∧ e i3 , e j1 ∧ e j2 ∧ e j3 , which implies Ψ (A) ∈ O(6, 4). Proof. The conformal invariance of the pseudo-Riemannian structure allows us to assume that an oriented circle Γ passes through (±1, 0, 0, 0) and (0, 1, 0, 0). The index can be calculated in several ways.
(i) Γ corresponds to W = Span e 0 , e 1 , e 2 in the Grassmannian Gr − (3; R 5 1 ). The tangent space T W Gr − (2; R 5 1 ) is isomorphic to Hom W, W ⊥ , which is isomorphic to M 3,2 (R). We can construct six vectors which form a pseudoorthonormal basis of the tangent space explicitly. It turns out that two of them are timelike and the other four are spacelike.
(ii) The tangent space T Γ Θ(1, 3) can be identified with the pseudo-orthogonal complements of the subspace spanned by gradients of the defining functions of Θ(1, 3) which appear in (8). There are five non-trivial Plücker relations and exactly three of them are independent. Two of them give timelike gradients and the rest gives a spacelike one. On the other hand, the gradient of − i1≥1 p i1i2 2 + i2≥1 p 0i2 2 − 1 is spacelike. Hence the index can be given by 4 − 2 = 2.
2
The index can also be implied by Proposition 3.2.6 of [Ko-Yo] as S(1, 3) is a homogeneous space SO(4, 1)/SO(2) × SO(2, 1).
Osculating circles and the conformal arc-length
Let us realize R 3 in the Minkowski space R 5 1 as the isotropic affine section of the light cone Light given by (2) in section 2. We use the following notation in what follows. Let C = {m(s)} be an oriented curve in R 3 parametrized by the arc-length s. Letm be a map which is induced from m;
where E 3 0 is given by formula (2). An osculating circle of a curve C at a point x is the circle with the best contact with C at x. We will denote it by O x . It has the contact of second order with C at x. Suppose x, y, and z are points on C. When x, y, and z are mutually distinct, let Γ(x, y, z) denote the circle that passes through the points x, y, and z in K whose orientation is given by the cyclic order of {x, y, z}. When two (or three) of the points x, y, and z coincide, Γ(x, y, z) means a tangent circle (or respectively, an osculating circle) whose orientation coincides with that of C at the tangent point.
Let γ(u, v, w) be a point in Θ(1, 3) ⊂ R 10 4 which corresponds to a circle Γ(m(u),m(v),m(w)) through the bijection ψ from S(1, 3) to Θ(1, 3) (see (9)). Put γ(u) = γ (u, u, u) . It corresponds to the osculating circle at m(u).
Nullity of the curve of the osculating circles
Theorem 6.1 Let γ be a curve in the set S(1, 3) of oriented circles which corresponds to the set of the osculating circles of a curve C in S 3 . Then the curve γ is a null curve, i.e. γ ′ , γ ′ ≡ 0.
Proof.
Let us express the osculating circles using the exterior products of vectors in the Minkowski space.
Observe that m,m ≡ 0, asm belongs to the light cone, and that 
where · denotes the standard inner product of R 3 . Define F 2 and F 3 by
Then they satisfy
By derivating these equations we obtain a table of m (i) (0),m (j) (0) needed in this article (Table 1) .
Put
If u < v < w thenm(u),m(v), andm(w) are linearly independent in R 5 1 , and therefore (9) implies that γ(u, v, w) is given by
Lemma 6.2 The osculating circles are expressed in Θ(1, 3) by
Proof. Let us consider the limit of γ(u, v, w) as both u and w approach v.
Taylor's expansion formula implies
It follows that the osculating circle is given by the vectorm(s) ∧m
multiplied by a positive number. By the formulae (6) and Table 1 we have
Therefore the osculating circle γ(s) is given by
2
(Proof of Theorem 6.1 continued:) The formula (14) implies
By the formulae (6) and Table 1 
Proof. Let us abbreviate
Since γ is a null curve, just like in the case of a lightlike curve which we saw in equation (3), we have
the formula (6) and Table 1 
Since
which, compared with (1), completes the proof. 2
Remark: A pair of nearby osculating circles is a "timelike pair", i.e. γ(s + ∆s) − γ(s) is timelike for |∆s| ≪ 1. Proof. Let us prove only in the case when N = 3. Suppose G·C are expressed as G · C = {m 2 (t)} with t being the arc-length of G · C. Let γ m and γ m2 be the curves in S(1, 3) which consists of the osculating circles to C and G · C respectively. The formula (17) implies that
Corollary 6.4 The conformal arc-length ρ satisfies
where putting . above means taking the differential by t.
Lemma 5.4 shows that the Möbius transformation G ∈ O(4, 1) produces a pseudoorthogonal transformation G ∈ O(6, 4), and γ m2 is given by γ m2 = G·γ m . Since 
In particular, when
Proof. 
Since γ ′ , γ ′ = 0 and hence γ ′ , γ ′′ = 0 we have
which completes the proof. 2
Characterization of a curve of the osculating circles
We identify the set S(1, 3) of the oriented circles in S 3 with the submanifold Θ(1, 3) of R Proof.
(1) "Only if " part. The condition (i) follows from Theorem 6.1, and the condition (ii) from the formula (15) as it means that γ ′ is a pure 3-vector and therefore satisfies the Plücker relations.
(2) "If " part. Lemma 5.1 implies that γ ′ corresponds to an isotropic 3-space tangent to the light cone. Therefore it defines a point in E 3 0 . Let us denote it bym
and put C = {m(s)}. We may assume without loss of generality that s is the arc-length of C.
Lemma 6.8 The point m(s) belongs to the circle Γ(s) which corresponds to γ(s).
Proof. We may assume, without loss of generality, that Γ(s) can be obtained as the intersection of our model of S 3 or E 3 in the light cone and span e 0 , e 1 , e 2 . Then, a computation shows that if γ ′ satisfies the two conditions (i) and (ii) then there is a null pencil P through γ(s) (i.e. a 1-parameter family of the oriented circles that are contained in a 2-sphere which contains Γ(s) and that are all tangent to Γ(s) at a point) such that γ ′ (s) is equal to a tangent vector to P at γ(s) (see 
for pencils). 2
We have two cases.
Thenm,m ′ ,m ′′ ,n, and n 1 = (1, 1, 0, 0, 0) are linearly independent in R 5
1 . Therefore, 10 pure 3-vectors obtained as exterior products of three ofm,m ′ ,m ′′ ,n, and n 1 are linearly independent in R 10 4 . Express γ(s) and γ ′ (s) as the linear combination of them. By the above Lemma, γ(s) can be expressed as the linear combination ofm ∧m
If one of the three coefficients of the latter three does not vanish, there is a non-zero coefficient ofm
, which contradicts to the fact that γ ′ (s) is a pure 3-vector of the formm ∧ u 2 ∧ v 2 (u 2 , v 2 ∈ R 5 1 ). Therefore, Γ(s) is tangent to C at m(s), i.e. γ(s) is of the form
Since γ ′ (s), γ ′ (s) = 0 we have η(s) = ζ(s) = 0. Then, γ(s), γ(s) = 1 implies ξ(s) = 1, which completes the proof. 
Conformal arc-length and conformal angles
The conformal arc-length can be interpreted in terms of the conformal angle as follows.
Definition 6.10 (Doyle and Schramm) Let x, and y be a pair of distinct points on a curve C. Let θ C (x, y) (0 ≤ θ C (x, y) ≤ π) be the angle between Γ(x, x, y) and Γ(x, y, y). We call it the conformal angle between x and y.
We note that the conformal angle is conformally invariant because it can be defined by angles, circles, and tangency, which are preserved by Möbius transformations. Applying Bouquet's formula to sin θ C we have Lemma 6.11 ([La-OH]) Let s, κ, τ be the arc-length, curvature, and torsion of C respectively. Then the conformal angle satisfies
The formula (1) of the conformal arc-length implies:
Proposition 6.12 The conformal arc-length ρ satisfies
∆s .
Remark:Put Π = Span γ(s, s, s + ∆s), γ(s, s + ∆s, s + ∆s) . It is a spacelike 2-plane of R 10 4 . The intersection of Π and Θ(1, 3) is a circle which becomes a geodesic of Θ(1, 3). It consists of the oriented circles that pass through both m(s) and m(s + ∆s) and that are contained in the sphere which contains the two tangent circles Γ(m(s), m(s), m(s + ∆s)) and Γ(m(s), m(s + ∆s), m(s + ∆s)). Then the conformal angle is equal to the distance in S(1, 3) between γ(s, s, s + ∆s) and γ(s, s + ∆s, s + ∆s). Remark:We have two kinds of infinitesimal interpretation of the conformal arc-length as the distance between a pair of nearby circles: one by osculating circles Γ(x, x, x) and Γ(y, y, y) (Theorem 6.3) and the other by tangent circles Γ(x, x, y) and Γ(x, y, y) (Proposition 6.12). We remark that the former is a "timelike" pair and the latter a "spacelike" pair.
Conformal arc-length as unitary curvature parameter
Let us introduce another characterization of the conformal arc-length. Since the curve γ consisting of the osculating circles is a null curve in Θ(1, 3), we have γ, γ ≡ 1 and . γ, . γ ≡ 0 for any parameter t of the original curve C. Corollary 6.4 and Lemma 6.6 imply Proposition 6.13 The conformal arc-length ρ can be characterized as the parameter that satisfies
The reader is referred to [Ak-Go] , [Fi] , [HJ] , [MRS] , [Ro-Sa] , and [Su1, Su2] for further details in conformal differential geometry. A conformally invariant moving frame is given in [Yu] .
7 Other viewpoints 7.1 Information from two nearby osculating circles Definition 7.1 ([La-OH]) Let P 1 , P 2 , P 3 , and P 4 be points on an oriented sphere Σ. They can be considered as complex numbers through an orientation preserving stereographic projection from Σ to C ∪ {∞}. The cross ratio of P 1 , P 2 , P 3 , and P 4 can be defined by that of the corresponding four complex numbers. We remark that it does not depend on a stereographic projection. (The reader is referred to [O'H1] for the details.)
Let C be a curve in S 3 or R 3 , and S be a sphere which intersects C orthogonally at a point m(t) that passes through a nearby point m(t + h). The osculating circles O m(t) and O m(t+h) to C intersect S at four points m(t), y 1 ∈ O m(t) and m(t + h), y 2 ∈ O m(t+h) .
Proposition 7.2 The infinitesimal cross ratio
(m(t), y 2 ; m(t + dt), y 1 ) is real.
The fourth root of its absolute value is equal to the conformal arc-length of the curve C.
Proof. Let us consider the osculating spheres Σ m(t) and Σ m(t+h) to the curve C at m(t) and m(t + h). The angle between them is of the order of h. The distance between the point m(t + h) and Σ m(t) and the distance between the point m(t) and Σ m(t+h) are of the order |h| 4 . The two osculating spheres Σ m(t) and Σ m(t+h) meet the small sphere S in two almost totally geodesic circles Γ 1 and Γ 2 . The two circles meet at two points A and B which are almost antipodal on S. Suppose A is close to m(t) and y 2 , and B to m(t + h) and y 1 as in Figure  7 . The distance between m(t) and y 2 and the distance between m(t + h) and y 1 are of order at most |h| 3 as they are equivalent to distances between m(t) and O m(t+h) and m(t + h) and O m(t) . As the angle between the osculating spheres O m(t) and O m(t+h) is of the order h, so is the angle between the circles Γ 1 and Γ 2 . Therefore, the distances between A and m(t), A and y 2 , B and m(t+h), and B and y 1 are of the order smaller than the diameter of the sphere S multiplied by h, which means that they are negligeable compared with h 2 (see Figure 7 ). It implies that the distance between m(t) or y 1 and Γ 2 , and that between m(t + h) or y 2 and Γ 1 is negligible compared with |h| 2 (see Figure 7) . After renormalizing the sphere S by a suitable homothety to get a sphereS of radius 1, the four pointsm(t),ỹ 2 ,m(t + h),ỹ 1 are almost on a circle, therefore have a cross-ratio which is almost real. A computation shows that this cross ratio is of order greater or equal to the order of |h| 4 . We know that the conformal arc-lenth of a curve C ⊂ R 3 parametrized by the arc-length is ω = √ ψds where Figure 7 : Trace of the osculting circles and of the two osculating spheres at two nearby points of C on an almost orthogonal sphere S ψ = (k ′ ) 2 + k 2 τ 2 . Comparing with the normal form (see [CSW] )
where at x = 0 the derivative of the curvature is 1, and as the absolute value of our cross-ratio is equivalent to the square of the distance of the point m(t + h) to the osculating circle to C at m(t), divided by |h| 2 , the proposition is proven. 2
The construction of the normal form in [CSW] is analytical. Nevertheless we can see from the form of the equations (21) term is the expression of y.
7.2 Conformal arc-length starting from the lightlike curves in the set of spheres associated to a given curve in S 3 or R 3
Let C be a vertex-free curve in S 3 . Let Γ be a curve in Λ 4 which is the set of osculating spheres σ(t) of C. Lets be the arc-length of Γ, and . denote d ds . Then Γ is a drill (see [La-So]) , that is, its geodesic curvature vector k g = .. σ + σ is lightlike at each point.
From it we can construct a surface V (C) in Λ 4 as the union of the geodesic circles tangent to Γ. The surface V (C) can also be seen as the set of spheres which contain an osculating circle to C. The curves orthogonal to the "foliation" of V (C) by these geodesic circles are lightlike and generically have cuspidal edges at points of Γ. To see that, consider two nearby geodesic circles tangent to Γ:
. σ(s + ds) . It follows that the tangent space to V (C) at a point ν(s, θ) = cos θσ(s) + sin θ . σ(s) is given by
Notice that the angle between two spheres ν(s, θ) and ν(s, θ ′ ) is independant of the value of s.
The normal space in T ν(s,θ) V (C) to the geodesic circle {cos θ σ(s)+sin θ . σ(s)} through ν(s, θ) is therefore generated by k g (σ(s)). For each fixed θ 0 , the curve ν(s, θ 0 ) is a lightlike curve. In order to prove the proposition 7.4 we only need to project an osculating circle O m to C at m on the planes containing T m C and observe the curvatures of these projections at the point m.
Definition 7.5 By Lorentz distance between a pair of spheres Σ 1 and Σ 2 we mean the length of the arc of the geodesic joining the two correspoinding points Before proving Theorem 7.3 we need two lemmas to compare the Lorentz distance between a pair of spheres to the Lorentz distance between their intersections with an orthogonal sphere or an orthogonal circle, or with a sphere or a circle almost orthogonal to them. Lemma 7.6 (1) Let S be a sphere orthogonal to two spheres Σ 1 and
(2) Let G be a circle orthogonal to two spheres Σ 1 and
Proof. The two items can be proven by considering the two points σ 1 and σ 2 corresponding to the two spheres Σ 1 and Σ 2 in de Sitter spaces Λ is the set of the oriented spheres orthogonal to a circle G orthogonal two both spheres Σ 1 and Σ 2 , and Λ 3 0 is the set of the spheres orthogonal to the sphere S.
Remark: The Lorentz distance between Σ 1 and Σ 2 and the cross-ratio of the four intersection points of G and Σ 1 ∪Σ 2 are related by a diffeomorphism. When 
When the four points are on a circle in a complex plane, the four points x j i
should be considered as complex numbers; the result is real as the points are on a circle. For example if we name the point as in Figure ( 9), we have:
In particular, when the Lorentz distance between Σ 1 and Σ 2 is small, we have:
Lemma 7.7 Suppose that a circleḠ makes angles θ 1 with Σ 1 and θ 2 with Σ 2 , then the quotient of the cross ratios cross(x and with an angle close to π/2. All the corresponding arcs a i , b i on both circles have a ratio satisfying 1 − δ < a i /b i < 1 + δ, which implies the first statement of the lemma.
The second statement of the lemma comes from the fact that the circle γ is almost orthogonal to the spheres Σ 2 and Σ 2 .
Proof of Theorem7.3: Let Γ O ⊂ Λ 4 be the curve of osculating spheres to the curve C, and σ(s) the osculating sphere at the point m(s) to the curve C = {c(s)}, wheres is an arc-lenth parameter on the curve Γ O ⊂ Λ 4 . We remark that Γ O is spacelike if C is vertex-free. . σ(s), and ψ θ be a lightlike curve {ψ(θ, . )} in Λ 4 . Using one of the curves ψ θ we can construct a surface M θ containing C such that C is a line of principal curvature of M θ . Then the spheres of ψ θ are the osculating spheres to M θ at points of C. Any surface tangent to M θ along C has the same property.
When C is contained in R 3 a developable M θ is obtained as the envelopes of planes P θ (s + h) satisfying:
-the angle between P θ (s) and the osculating plane to C at c(s) is θ, -the derivative, with respect to an arc-lenth parameter s on the curve C, of the angle between P θ (s + h) and the osculating plane to C at c(s + h) is −τ (s + h), the opposite of the torsion of the curve C at c(s + h). .. . σ + ... σ )|.
2
(Proof of Theorem 7.3 continued) Let S be the sphere orthogonal to C at m(s) which also contains the point m(s + h). We will now follow the intersection with S of the spheres of the different lightlike curves ψ θ , where θ is the angle of the initial sphere of the family ψ θ (t 0 ) with a chosen sphere of contact of second order with C at the point m 0 = c(s 0 ).
Consider two points m(s) and m(s + h) on C (here we use the arc-length parameter on the curve C ⊂ S 3 ). The set of the spheres {ψ(θ, s) |θ ∈ S 1 } and Figure 10 : Trace of the spheres ψ θ (s) and ψ θ (s + h) on an almost orthogonal sphere S (with a point of S at infinity) {ψ(θ, s + h) |θ ∈ S 1 } are two pencils consisting of the spheres which contain O m(s) and O m(s+h) respectively. They intersect the sphere S in two pencils of circles with base points {m(s), y 1 } and {y 2 , m(s + h)} (see Figure 7) .
As the sphere S is orthogonal to the osculating circle to the curve C at m(s), which is the base circle of the pencil {ψ(θ, s) |θ ∈ S 1 }, the angle θ is also the angle parameter of the pencil of circles {ψ(θ, s) ∩ S |θ ∈ S 1 }. The angle of the circles S ∩ ψ(θ, s + h) and S ∩ ψ(θ ′ , s + h) is only close to θ − θ ′ as we know that the angle of S and O m(s+h) is close to π/2. Let Γ 0 denote the circle of S containing the three points m(s), y 1 an (s + h). As the cross-ratio cross(m(s), y 2 , m(s + h), y 1 ) is almost real, the fourth point y 2 is almost on Γ 0 (that is, still would be so after performing homothety which makes the radius of S being equal to 1). Therefore the cross ratio cross(m(s), y 2 , m(s + h), y 1 ) is equivalent to the modulus of the two circles S ∩ ψ(θ 1 , s) and S ∩ ψ(θ 1 , s + h), where the value θ 1 is such that S ∩ ψ θ1 (s) is orthogonal to Γ 0 . Let us now consider the intersection of the two circles S ∩ψ(θ, s) and S ∩ ψ(θ, s + h) with the circle Γ θ which is orthogonal to S ∩ ψ(θ, s) (see Figure 7) . The modulus of these two circles is equivalent to the cross-ratio cross(m(s), A θ ; B θ , y 1 ) ≃ cos 2 (θ − θ 1 ) cross(m(s), y 2 , m(s + h), y 1 ).
Using Lemma 7.7, we see that the modulus of the spheres ψ θ (s) and ψ θ (s + h) is also equivalent to cos(θ − θ 1 ) cross(m(s), y 2 , m(s + h), y 1 ).
The modulus of two close disjoint spheres is equivalent to their Lorentz distance. We can integrate the contribution of the segments ψ θ (t), ψ θ (s + h) to the L 1/2 -lengthes of the curves ψ θ ⊂ Λ. It is: This provides the constant (not a very enlightening one) in the statement of Theorem 7.3. 2
